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A b stract
A method i s  d e scr ib ed  fo r  im proving th e  io n  o p t ic a l  p r o p e r t ie s  
vb f  a hompgeneoub a c c e le r a to r  tube by a p p ro p r ia te ly  m odifying i t s  entrance  
a p er tu re . I t  i s  shown th a t  a low m a g n ifica tio n  can be ensured by sim p le  
means w ith ou t p r e -a c c e le r a t io n .
1 .  In tro d u ctio n
The e s s e n t ia l  in v e s t ig a t io n s  on th e io n  o p t ic s  o f  homogeneous 
a c c e le r a to r  tu b es had been made by M. E lkind1 more than te n  years ago .
Ever s in c e  th a t  tim e h i s  work has u n d erla in  th e  design, concepts fo r  tu b es  
o f  t h i s  ty p e . In  th e y e a rs  p a s t  co n sid era b le  p ro g ress  was made in  im prov-
p
in g  th e  c a lc u la t io n  methods a s  w e ll a s  in  d ev e lo p in g  new matching s e c t io n s
x 4
betw een th e  io n  source and th e tube^ * , to  compensate th e thousand tim es  
d if fe r e n c e  between th e e n e r g ie s  o f p a r t ic le s  e x i t in g  from th e soruce and 
th e  tu b e , The matching has to  m eet some m ech an ica l, e l e c t r i c a l  and o p t ic a l  
req uirem en ts such as accu racy , h igh  breaking s tr o n g th , low a b e r ra t io n s , 
low  m a g n ific a tio n , r e g u la b i l i t y ,  and, i f  p o s s ib le ,  s e l f - f o c u s in g .  The 
sim u ltan eou s s a t i s f a c t io n  o f  th ese  requirem ents but d i f f i c u l t ,  and most 
o f  such system s have room f o r  improvement. At p resen t th e  system  developed  
by Johnson e t  a l^  seems to  be the b e s t ,  f o r  t h i s  system  however, h ig h -  
- l e v e l  te c h n ic a l means, and tu bes w ith  low lo a d in g  are needed. Owing to  
th e  ra p id  in c r ea se  in  m a g n ific a tio n  in  terms o f  th e  energy m u lt ip l ic a t io n  
o f  th e  a c c e le r a to r , ob servab le  fo r  a l l  o f th e c u r re n tly  used  th r e e -  
-e lem en t tu b es1 , p r e a c c e le r a t io n  i s  in e v ita b ly  needed . Keeping th e  o v e r -  
- a l l  energy m u lt ip l ic a t io n  u n a ltered , th e n e t m a g n ific a tio n  can be remark­
a b ly  decreased  by m odifying th e a x ia l  f i e l d  d is t r ib u t io n  by u sin g  th e  
com bination o f an immersion le n s ,  and a th ree -e lem en t tube in s te a d  o f  a 
sim p le  th ree-e lem en t tu b e .
-  2 -
The a x ia l  f i e l d  o f the e l e c t r o s t a t i c  gen erator'’, type EG-2 o f our 
I n s t i t u t e  has been m od ified  to  enab le us to  operate th e  source and the  
a c c e le r a to r  w ithout any p r e a c c e le r a t io n . The o p t ic a l param eters o f  an ac** 
c e le r a to r  tube depend m ainly on th e  aperture a t i t s  en tran ce, th u s , in v e s ­
t ig a t io n s  were made on th e  v a r ia t io n s  in  o p t ic a l  p r o p e r t ie s  w ith m o d ifica ­
t io n s  in  th e  i n i t i a l  E^~Eg t r a n s i t io n .  S u f f ic ie n t ly  low  m a g n ifica tio n  i s  
ob ta in a b le  by adequate m o d ific a tio n  o f th e  a x ia l  f i e ld - d i s t r ib u t io n  even  
f o r  a few  thousand tim es energy m u lt ip l ic a t io n , and th e  io n  source can be 
mounted d ir e c t ly  a t  th e  upper tube end, w ith out any m atch ing elem ent 
between them.
2 .  Q uadratic o p t ic s
Although th e  running -  up o f f i e l d  stren gh t i s  ad lib itu m  v a r i­
ab le  , in  th e  p resen t paper a qu adratic  i n i t i a l  p o t e n t ia l  d is tr ib u t io n  i s  
co n sid ered . This i s  conven ient f o r  d esig n  and an ex a ct s o lu t io n  o f  th e  
p a ra x ia l ray equation  can be o b ta in ed . In th e  in t e r e s t  o f  g e n e r a lity  in  
th e  i n i t i a l  E^-Eg t r a n s i t io n  E g^ O , th u s not a th r e e -  but a fou r -  elem ent 
tube i s  d isc u sse d  / F i g . l / ,  where th e  elem en ts are as fo l lo w s :
1 /  A perture w ith  t r a n s it io n  from E-^  = 0 to  Eg=^ 0 
2 /  Q uadratic s e c t io n  w ith  p o t e n t ia l  d is tr ib u t io n
U(z) -U0+E2z  / i r
where i s  th e quadratic  s e c t io n  le n g h t.
3 /  Homogeneous s e c t io n  w ith  f i e l d  s tr en g th  E^.
4 /  Aperture a t th e low er tu be-end  w ith  t r a n s it io n  from E^=^0 to  E^ = 0 .
The fo llo w in g  i s  to  p resen t th e  t r a n s it io n  m a tr ices  o f  th e fo u r  
e lem en ts .
2 .1  The o p t ic a l  param ters o f the f i r s t  aperture were obtained  in  the  
same way as in  1 / ,  however, in  th e  in t e r e s t  o f h ig h er  accu racy, f  in  
1 /  was com pleted by a terp  in v o lv in g  th e aperture deam eter in s te a d  of  
th e fa c to r   ^ . The D /f va lu e  c a lc u la te d  by num erical in te g r a t io n  in
r e f , 6 , can be w e ll  approximated by
D _ ±  \n &-C, J_D , &  -E, f  
f  '4  L U0 \3,1 U0 }
/ 2 /
3th e form ula b e in g jused, in stea d  o f  in  r e f . '1'.
nJu(E i - t i l  /  on f 4 UoFor L / < ---- 4 ----- Z U th e  r e s u l t s  show only a few  p ercen t erro r
U о
r e la t iv e  to  th e P / f  v a lu es  ob ta in ed  by num erical in te g r a t io n  and 
p resen ted  in  r e f . 6 . Assuming th e  p r in c ip a l planeB o f th e  aperture le n s  
to  co in c id e  in  th e  aperture p la n e , the t r a n s it io n  m a tr ix *  can be 
g iv e n , as
M-
7 o\
i
U0 5 \Uo)
/ 3 /
2 ,2  Q uadratic s e c t io n . R ep la ic in g  
ray eq u ation  ta k es  th e  form
r . U f - 0
dx
d z
w ith
Г 5^
[L/fzJJ th e p a r a x ia l
/ у
where th e  d ots and p r in es  denote d if f e r e n t ia t io n s  w ith  re sp e c t to  X 
and z ,  r e s p e c t iv e ly .  S u b s titu tin g  Eq / 1 /  in to  Eq. / 4 / ,  th e d i f f e r e n t  
t i a l  form , d e scr ib in g  th e tr a je c to r y  in  th e  second o p t ic a l  e lem en t, i s
Г -h E iz E z41 ■Г= 0 /4 f i /
The s o lu t io n  o f  Eqs, /4 а /  i s
where
r(z)=r0cosQ(z)+ró-2 • s in Q(z) 
r'(z)~-4? i^'Sin9(z)+-r0 [JJo.cosQ(z)
2  \ U(z) I U(z)
1 Utz)+f2U(z)-U'9 ( z ) ^ l n  j — oW ,
/ 5 /
The t r a n s i t io n  m atrix  i s  determ ined by where ' Гп and
r  are th e  r a d ia l d is ta n c e s  of th e  t r a j e c t o r ie s  of °the b eg in n in g  and th e  
end o f an o p t ic a l  e lem en t, r e s p e c t iv e ly ,  and Г0 , r* are t h e ir  s lo p e s  
a t th e e se  p la c e s .
-  4- -
l e t  Ъе - I - L - Л - , — - ?  and я / 6 /E3 c ' К A) К ] U0
The tr a je c to r y  param eters a t Z ” l can be determ ined írom
th o se  a t  z = 0 by th e  m atrix t - --------------------- , \
/  cos 9(X) XÍ2 I sin 0ft/
Г л ] .  I _____________ . c o s  O i l )
*- -I s i n 9 (a)  j h i  f .  (t+6)(N-t) / 7 /
" A  12jT ^ ™ ^  r
о / ,  I ?
2 .3  The p a r t ic le  e x i t in g  t h e . q u adratic  s e c t io n  i e  passed  to  the homo­
geneous s e c t io n  w ith  E , f i e l d .  From th e  l in e a r  r e la t io n s h ip  between_ _ I P
param eters Iq , f0 and r ,  r* a t th e  b eg in n in g  and end o f t h i s  s e c t io n ,  
r e s p e c t iv e ly ,  th e  t r a n s i t io n  m atrix h as the fo r m _________\J;
,o  H i j Ä r f
where th e symbols are th e  same as b e fo r e .
2 .4  On p a ss in g  through th e  output th e  beam e n te r s  the f i e l d  cs 0 .
T h is t r a n s it io n  i s  co n sid ered  corresponding to  1 / .
The fo u rth  m atrix
1 0
^  - 1 ___ N-1  . / 9/
2XN C-7+2/A '
inhere th e symbols are k ep t u n a ltered ,
2 .5  The product o f  th e  fo u r  m a trices eq u a ls th e  m atrix tO] o f th e  whole  
o p t ic a l  system , where th e  elem ents 0 ij are
-  5 -
Qí" ^I2^2l+(^12 + $12 $22^^21
0 ,2 ^ 1 2 + $12^22
°2I " $210 U $22^21^22^21^
^22"$21^12* $22 $$22 
r e s p e c t iv e ly .
/Ю /
The elem ents o f m atrix  t0] determ ined n u m erica lly  f o r  v a r io u s  N, 
A, and £  v a lu es  are ta b u la ted  in  th e Appendix. The r e s u l t s  hold  f o r  
a g iv en  va lu e o f D/K, namely 7»Ю~^. The assignm ent o f a g iv en  v a lu e  
to  D/K, does not in trod u ce e s s e n t ia l  r e s t r ic t io n s  to  g e n e r a lity  s in c e  
th e  param eters bear on ly  lo o s e ly  upon D/K. D/K occu rs in  th e  0-^ and 
О21 elem ents through th e  °^21 “^ r i x  elem ent o n ly . Making num erical 
t e s t  i t  can be s ta te d  th a t  d ecreasin g  D/K form 7.10~^ to  1,4-,10~^
/ i . e .  by a fa c to r  of 5/  th e  in crea se  in  0 ^  and °21 i s  on ly  5 per  
cen t fo r  N=1000, £  = 0 ,2  and Л = 0 , lo 5 .  In  th e  case o f d ecrea sin g
£ s , th e e f f e c t  produced by D/K i s  sm aller  s in c e  fo r  sm all £  s the  
q u ad ratic  s e c t io n  i s  dominant as compared w ith  th e  ap ertu re .
On com pleting th e  o p t ic a l  system  w ith two f i e l d - f r e e  s e c t io n s  
/ F i g .  1 /  preced ing and su cceed in g  i t  / s  = €>.K and p=q.K s in c e  the  
o b je c t  and image d is ta n c e s  measured in  tu b e -le n g h t u n its  are 6  and 
q , r e s p e c t iv e ly /  the m atrix  [ П  ] c o n s is t s  o f e lem en ts
CO,2
é1<\!3 C022
co/ - 6 0 ^ * 0 ^  q ( 6 0 21+ 0 22)
/ 1 1 /
J21 w22
I f  th e  ’object*  v e c to r  i s  a t  a d is ta n ce  б  .K b e fo r e  th e a c c e le r a to r  
tube T , t ’ / t h e  p a r t ic le  tr a je c to r y  i s  a t  d is ta n c e  t  = T .K from 
th e  a x is  and has a s lo p e  t ’/ ,  then  in  p = qK th e  p a r t ic le  p a sses  
through the ’ im age’ p lan e a t
K, = -js=7(011 + q021) + t[6011+0,2+q(ő021+ 022j]
w ith  slop e
/ 1 2 /
к'-то21+((е!02+о22)
6 -
2 ,6  Although th e se  r e s u l t s  are  enough to  p r e d ic t  p o in ts  X , k ’ 
a s s o c ia te d  w ith  g iv en  p o in ts  X t t ’ , th e  d eterm in ation  o f beam d ia ­
m eter, and th e methods fo r  m inim izing i t ,  are o f much more p r a c t ic a l  
im portance. Let / 1 2 /  he w r itte n  in  th e form
I Oii+qOii \/- _______ /_______________.
6 0 , f 0 , + q ( 0 0 j 0 22) K 00„+0,/q(002l+0!2) m /
E v id e n tly , a l l  o f  th e p o in s t s  T , t ’ , th a t l i e  w ith in  the em itta n ce-  
—diagram /h o ld in g  a t a d is ta n ce  б  К from th e  tube en tra n ce / on th e  
s tr a ig h t  l in e  d e fin ed  by
t
Ж
■о d 0 „ +  0 12+ q ( ó O ^ Ö J
“ a 0„* aO;Y— hi +...Яул_6 01<+ 012i'Q((^ 02j+022)
are transform ed in to  the same X / F i g . 2 / .  I f  t h i s  l i n e  has no common 
p o in t w ith  th e  em ittan ce-d iagram , a t X  cannot he a p o in t  o f any 
p a r t ic le  t r a j e c t o r y . . The m arginal p o in ts  X  -j and X  2 h^e beam 
in  a p la n e -o f-o h se r v a tio n  / a t  d is ta n ce  qK from, th e  tu b e-en d / can be 
determ ined by fram ing the diagram w ith  two s tr a ig h t  l i n e s  ta n g e n tia l  
to  i t  a t  X 1 »  t |  and s lo Pe - V(ó,Hí0],q) ° f  whit
f o r  g iv en  v a lu es  o f  d and [ 0 ] ,  depends on q.
L et th e fu n c t io n  У (d, [О], Q)  be analysed  w ith  resp ec t to  i t s
q-dependence. For g iven  v a lu e s  o f <5* and [0] i t  can be seen th a t
a /  both i t s  numerator and denom inator has a zero  p o in t , i . e .
Y-0 ±f
О21
/ I V
o f which
and
Y o o i f n -~  -On.. Ä +Q ß/Q v. = 0
/1 5 /
°21 0+022ll0:21
*  Notes In  geom etrica l o p t ic s  -  O^^/Opl determ ines th e  second f o c a l  
p o in t ,  w h ile  “°22^021 tiie  ^i r s "t one o f th e o p t ic a l  Systeme [0]
-  7 -
Ь /  i f  Q  * ± o o  , th e n  У — * Уоо ’  — 7РГ~ *»е»
T o o S O  i f
U  21
с /  -^—— = l b ]  1 e i t s  f i r s t  d e r iv a t iv e  i s  p o s i t iv e .
э<7 < 7 -9 0  0 / ,
d / (7 = q 0 = ^ th e  8lSn ° f  th e SeC° nd d e r iv a t~
iv e  íb  the вате a s  th a t o f Cj-z-Q ^  j .
The s ig n  o f  é + 0 2 2 /Op/cLepends on th a t  the ’ o b j e c t ’ p o in t i s  be­
fo r e  or behind th e  ’f o c a l ’ p o in t /1 5 а / .  These two v e r s io n s  are shown 
in  F ig . 3 . Although qQ can be e ith e r  p o s i t iv e  or n e g a tiv e , i t s  
p r a c t ic a l  v a lu es  f o r  the o p t ic a l  system  under in v e s t ig a t io n  were found  
to  be l e s s  than z e r o . /S ee  in  A ppendix// From / 1 2 /  we have
1
X / 9 - J - T
Det fOl 
О г/б Ю ггря)
/ 1 6 /
in d ic a t in g  th a t any tr a je c to r y  p a ssin g  through X  / q  ^  /  has the
same i n i t i a l  coord in a te  T a t  6 , in d ep en d en tly  o f  i t s  in d iv id u a l  
s lo p e . S ince °21  0 , / s e e  in  Appendix/ the s ig n s  o f K / l «  /  and
can be e i th e r  id e n t ic a l  or d if fe r e n t  depending on th a t th e  6 l i e s  
b efore  or behind th e  ’f o c a l ’ p o in t .
X  /q Q/  can be determ ined by th e equation
x f a j — / 17/  
where the sign of X /q _ / i s  the same as that of t* .
From the Appendix and / 1 7 / .  i t  can be seen  th a t  X /q Q/  co n tin u o u sly  
d ic r e a se s  w ith in c r e a s in g  energy m u lt ip l ic a t io n  / a t  l e a s t  fo r  N’ s up to  
th e order o f 1 0 ^ /. Using th e  r e s u lt s  ob ta in ed  from an a ly z in g  th e  q -d e-  
pendence o f 'f , th e  beam diam eter can be sdeterm ined provided th e  
em ittance-diagram  i s  known. In  r e f /  ' an ion  source i s  d escr ib ed  which 
has been designed  fo r  use w ith  the a c c e le r a to r  com plete w ith  th e  io n  
o p t ic a l  system d escr ib ed  h e r e . The -einittance diagram o f t h i s  source  
/ s e e  th e  d otted  l in e  in  F ig .4 /  can be transform ed in to  a form fram able 
by two s tr a ig h t  l i n e s  p a r a l le l  to  the a x is  t ’ , and s im p lify  th e  t r e a t ­
ment l e t  the diagram be com pleted to  a rec ta n g u la r  / s e e  the s o l id  l in e  
in  F ig .4 /  by two s tr a ig h t  l in e s  p a r a l le l  to  the a x is  T . T his can be 
done w ithout in tro d u c in g  any s ig n if ic a n t  erro r . Assuming t h i s  co rrected  
diagram to  p resen t th e  beam’ s c r o s s - s e c t io n  a t f> , i t s  two p a r a l le l  
ta n g en tsj  determ ine th e p o in ts  X , t ’ o f  the p a r t ic le  t r a j e c t o r ie s
whose in t e r s e c t io n s  w ith  th e  p la n e -o f-o b se r v a tio n  a t  q are th e  m arginal 
p o in ts  o f  the beam’s c r o s s - s e c t io n  in  th a t p la n e .
B esid es th e  above s t r ig h t  l in e s  w ith  slop e У /q  /= 0  and
W d o o A  o o  any o th er  l in e  w ith  s lo p e  — oo — ^(Q) + 0 0  can
be ta n g e n tia l to  the rec ta n g le  but a t  i t s  corners + Xmi + t ’ , o n ly .
As shown, in  F ig . 3 , th e m arginal p o in ts  in  a p lan e a t d is ta n c e
q < q  -= from th e  tu be-end  correspond to  p o in ts  + T 5 + t ’ and ^00 о r  ^ m m
-  o f th e  em itbance-diagram  in  F ig .  4 i f  /  + 2^2^ 2^1
w h ile  f o r  any o th er  q ’ s th e  i n i t i a l  param eters -  X  m? +t^ or  
+ T m? - t j ’ . I f  qQ <  q <  q ^  , th e  m arginal t r a j e c t o r ie s  are s ta r te d  
from p o in ts  -  T :  +t* And + - t ’ , w hile  f o r  q ’ s o u ts id e  t h is
in te r v a l  the t r a j e c t o r ie s  s ta r te d  fr^m th e  oth er two corn ers are  
m arginal. E v id e n tly , th e m arginal t r a j e c t o r ie s  are th e same in  each 
c a se , in  th e  f i r s t  one w ith o u t, in  th e  second w ith  c r o ss -o v e r  w ith in  
th e  in te r v a l  qQ- t o - q  ^  , V a r ia tio n s in  the beam diam eter f o r  q ’s
w ith in  th e in te r v a l  q0-to ~ q o o  were found to  be l e s s  th a t th o se  fo r  
q ’s O utside o f i t .
The q-dependence o f th e  beam diam eter fo r  g iv e n  [0] and va r io u s  
6 f s has been so fa r  co n sid ered . I t  i s  however, o f  much more p r a t ic a l  
im portance to  a d ju st the N in  an o p t ic a l  system w ith  g iven  em itta n ce , 
é 0, t  -and A - to  g iv e  minimum diam eter a t q = 0 . A lthough fo r
a g iv en  tO] and <60 , C /oo(t03, )  =/= qrp , th er e  must be another
б'; у4’ 60 where q ([0 ! , d 1 )  = q^. .
I f  th e  form o f diagram shown in  F ig . 4 corresponds to  th e  em ittance  
a t  60 , then  i t s  form transform ed w ith  r esp ec t to  the d is ta n ce  
±  ( б . - é . )  corresponds to  th a t  a t  6, . Here К (б 0) (6,). , a n d
\ v * ( * , ) \ - y t J 6 ° ) \ + | f  m ( o ?-^ d /j . /S e e  th e  X m[ 6 j  o f F i g .5 /#  Since  
now qiji = qoo , th e  c o e f f ic ie n t  o f  t ’ in  / 1 2 / ,  eq u a ls  z e r o , th us
" X ( q r]  - ( 0 „ + q ^ 0 2, ) - M  д в у
4
i . e .  X /q^ y/ i s  th e  product o f  X /  /  and th e  m a g n ifica tio n  fa c to r s
M. 6 and t h e .m a g n ifica tio n  M are shown fo r  v a r io u s  v a lu e s  o f A 
and N in  F ig .5 . where q^ = T, and £  = 0 , and a schem atic p lo t  of th e  
fu n c tio n  T /  fj /  íb  a ls o  shown. E v id e n tly , th e shape of th e  fu n c tio n  
Г  / 4 ,  6  / ,  th ereby o f X” /q^,,N/ depends p r im a rily  on V  6  /  i t  
М/ 6 / .  I t  i s  about con stan t / e . g .  f o r  Л = 0 ,15 ; 0 ,2 ;  0 ,5 /»  w h ile  fo r  
a ra p id ly  vary in g  М/ 6  /  / e . g .  A = 0 j see Ref .  1 /  the fu n c tio n
XT/qjijN/ cannot be minimum a t 6 Q.
-  8 -
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For sp e c ia l param eters o f em ittance i t  may th us occur th a t  th e  
minimum spot diam eter a t qT i s  ob ta in ed  fo r  a v a lu e  o f N o th er  than  
th a t req u ired  to  image th e minimum c r o s s - s e c t io n  of the so u r ce ’ s out­
put beam onto th e  ta r g e t .
The dependence o f the o p t ic a l  system  under in v e s t ig a t io n  on  th e  
param eters i s  n u m erica lly  i l lu s t r a t e d  a ls o  in  F ig . 6 where q = 1 and 
N i s  co n stan t.
Mounting th e  source d ir e c t ly  on th e upper tube end, E, € , and A 
can be choosen to  r e s u l t  in  a m a g n ifica tio n  low enough to  perm it a 
s u f f i c i e n t ly  sm all sp ot even fo r  a con sid era b ly  wide range o f h ig h -
2 ,7  Making use o f  th e  fo c u s in g  procedure d escr ib ed  in  2 .6  in v e s t ig a ­
t io n s  were made on th e broadening o f th e  beam diam eter during a c c e le r a ­
t io n .  In  a th ree-e lem en t tube the beam diam eter i s  th e g r e a te s t  a t  the  
en tra n ce , however in  our case a s ig n i f ic a n t  broadening in  th e  q u adratic  
s e c t io n  has to  be co n sid ered . E v id e n tly , the maximum diam eter must be 
w ith in  the in te r v a l  A s in c e  e x it in g  from th ere  th e  beam i s  su b jec t  
to  no more fo c u s in g  w ith in  th e tu b e , "r" in  / 5 /  i s  a p e r io d ic  fu n c tio n  
o f z and may have extreme va lu e  /o r  v a lu e s /  a t  Z_ determ ined from  
r * /z /= 0  by so lv in g
Making xxse o f ,t h e  p rev iou s sym bols, and assuming [0] to  image th e  cro ss  
ow er'at 6 q.K in to  q^.K; w h erea fter  th e  o b jec t i s  con sid ered  as
- v o l t a g e .
a p o in t ,  whith r ’ = we have
/ 1 9 /
and from / 7 /
/ 2 0 /
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The maximum broadening o f  beam r e la t iv e  to  i t s  entrance diam eter fo r  
g iv e n  v a lu es  o f  A and € can be c a lc u la te d  by / 2 0 / .  r Q depends on 
N through б’0 .К, s in c e  in  th e case o f  v ar iou s N’ s th e  p o in t-so u rce  
e m itt in g  w ith  maximum slo p e  r£n must be mounted a t v a r io u s  б'ф.К 
d is ta n c e s  from th e tu b e . U sing r Q = 6 0 .Kr£m we have r /Z ^ s r ^ K .f /N /
f(N) - 60[u tg2e (z j] c o s  Q (zJ  /21/
On th e  b a s is  o f  data in  th e  Appendix f /N /  was c a lc u la te d  a lsp  numeric 
c a l ly  fo r  q = 1 and v a r io u s  a s so c ia te d  v a lu es  o f A and € . The 
r e s u l t s  are shown in  F i g .7» One can see  th a t over th e  most im portant 
range o f A and £ th e curves alm ost cover each o th e r , and fo r  the  
p r a c t ic a l  v a lu e s  o f N, f / N /  i s  ra th er  sm a ll, o f f e r in g  th e  advantage 
th a t  th e beam em itted  by th e  source w ith  a great d ivergen ce can be 
a c c e le r a te d  in  a tube w ith  D >  2r (z m) .
35, F ie ld  d is tr ib u t io n
The a x ia l  p o te n t ia l  d is t r ib u t io n  corresponds to  / 1 /  i f
U(r,z) -U0+E2z * ■
P resen t form o f U /r ,z /  s a t i s f i e s  th e L a p lace-eq u ation .
35.1 Let th e e le c tr o d e s  be spaced by d a long th e a x is  z / F i g .8 / .  
O b viou sly , th e  e lec r ro d es  must be convex in  d ir e c t io n  - z ,  such th a t  th e  
c e n tr e  o f th e  one mounted a t z = n .d  should be a t  d is ta n ce  d above 
th e  e le c tr o d e  p la n e . Let th e  e le c tr o d e  shape f i t  th e e q u ip o te n tia l p ass  
in g  through th e  p o in t г  = 0 , z = d /n  /  and cro ss  th e  plane 
z = nd a t  th e  r  = d. f2* / F i g .8 / ,
A lthough r  = d f2 was chosen ah w i l l  to  s im p lify  th e  num erical evalua
t i o n ,  t h i s  v a lu e  i s  n ecessa ry  and seems to  be enough to  e lim in a te  th e
\
e f f e c t  produced by geom etrica l error  / t h e  e le c tr o d e  d e te r io r a te s  to  a 
p la n e , in  th e  su b sec tio n  ’ r  =- d. i 2 / .
Corresponding to  th e se  p rem isses we have
U[r-0; z-cl (n-(n)]-U(r-d{2; z-nd)
z - n2
/ 22/
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wherefrom
f
fn
C
1 - £
can be determ ined by / 2 2 / , as
±
d H  d n - 1 / 25 /
where th e symbols are a s  b e fo r e , and to  e lim in a te  ß 1 -th e  square) n
r o o t  has e x p r e s s iv e ly  n eg a tiv e  s ig n . Making use o f th e ex p ress io n
C lV =
1-C  d
+n
th e  fu n c tio n  (^\>) i s  p resen ted  in  F ig . 9* / / d shows th e  number o f
s te p s  o f the in crea se  from the f i e l d  to  E^. From F ig . 9 i t  can be
s e e n , a t  what d ista n ce  i s  th e  cen tre o f  the n -th  e le c tr o d e  above th e  
p la n e  г a t z = n .d , fo r  g iven  £ and / /d  v a lu e s .  One can see th a t  
f o r  V >  6-8 th e  order o f  magnitude o f e lec tr o d e  th ick n e ss  i s  alm ost 
reach ed , thus th e  shaping to  convex form i s  not n e c essa ry .
For sm aller  v v a lu e s  a sp h e r ic a l surface i s  the most advantageous 
to  approximate th e id e a l  e q u ip o te n t ia l . The ra d iu s  o f curvature fo r  th e  
s p h e r ic a l su rface  p a ss in g  through th e  c ir c le  o f r  = d. IflT r a d iu s , drawn 
through p o in ts  z = /n -  f  / . d  and z = n .d  can be determ ined from th e
e x p ress io n
R-d
which tends to  2d . V f o r  v ^ 2 .  T his approxim ation i s  good enough 
even fo r  V = 2 /th e  erro r  i s  about 5 per c e n t / .  Care must be taken  
in  th e  case o f  £ = 0 and n = 1 . Now £ = 1 , hence z -  0 , and 
th e  sp h e r ica l su rface  i s  d e fin a b le  but a b e tte r  approxim ation can be 
o b ta in ed  by d ir e c t  c o n s id e ra tio n s  wi-th th e use o f  / 2 2 / ,  Owing to  
£ = 0 becomes
f p ' f ’ - f - 1 ?
i . e .  th e  f i r s t  e lec tr o d e  has to  be a . cone w ith opening of 2 ?  = 109o28* 
and w ith  i t s  peak at the p o in t z =, 0 .
3 .2  There must be determ ined th e d iv id e r  supp ly ing  th e o p era tio n a l 
v o lta g e  fo r  th e geometry d iscu ssed  above. Comparing the p o te n t ia l  d i f ­
fe r e n c e  between th e n -th  and /п - l /  th  e le c tr o d e s  w ith  th a t between th e  
n = ( i /d-l)  -  th  and n = I / d -th  o n e s / the l a s t  and th e l a s t  but one 
e le c tr o d e  in  th e  quadratic  s e c t io n /  and assuming a con stan t d iv id e r  
c u r re n t, the, r e s is ta n c e s  in  th e d iv id e r  w i l l  be o b ta in ed  r e la t iv e  to  th e  
l a s t  r e s i s t o r ’ s v a lu e .
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The r e la t iv e  r e s is ta n c e s  to  be used  in  th e  n -th  s e c t io n  can be
determ ined from
Rn AU(n)  2 £ ± ^ H ^ 2n zl2
Rmax A U  O f  -1) 2  i ~ - ( 1 - £ )
E v id e n tly  the v a lu e s  are l in e a r ly  in c r e a s in g .
N otes
I t . i s  a q u es tio n , whether the lo a d in g  a f f e c t s  the v o lta g e  s e t  by 
th e  d iv id e r .  In our op in ion  th e  load in g  a f f e c t s  th e  end fa ce  ra th er  th an  
th e a c c e le r a to r  e le c tr o d e s .  From the l in e a r  in crea se  in  f i e l d  stren g h t i t  
fo l lo w s  th a t the i n i t i a l  s e c t io n  o f th e a c c e le r a to r  tube can not be e n t ir e ly  
u t i l i z e d  fo r  energy m u lt ip l ic a t io n , a lth ough  the l o s s  o f len g h t ^  ^  
i s  a ccep ta b ly  sm all /ab ou t 5 per cent in  p r a c t ic e / .  As regards th e  breaking  
s tr e n g th , i t  i s  advantageous th a t  the lo a d in g  i s  r e la t iv e l y  sm all a t th e  
tube entrance where the c o llim a te d , f a s t  n eu tra l beam o r ig in a t in g  from th e  
source has not y e t  been d is tr ib u te d .
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Appendix
Л = О С = 1
К ° П см 1—1 
о
°21 °22
80 -2 .5 5 1 2 .0 1 1 10“1 -2 .4 4 3 1 .6 1 4 ю “1
160 -5 .6 2 0 1 .465 ю “1 -3 .3 9 2 1 .1 5 4 ю “ 1
520 -5 .1 3 7 1 .058 ю - 1 -4 .5 2 0 8 .2 2 9 ю “2
640 -6 .7 6 4 7 .605
см1о 1—1 -5 -7 2 4 5 .8 5 1 ю “2
1280 -8 ,1 0 2 5 .438 10 2 - 6.702 4 .1 5 3 10~2
2560 -8 .1 9 5 3 .875 10-2 -6 .7 3 7 2 .9 4 5 10~2
Л = 0 ,05 £ = о
N
“1
°11 °12 °21 °22
80 -1 .9 1 6 1 .582 10“1 -2 .1 2 1 1 .168 10"1
160 -2 .5 9 7 9 .594 ю “2 -2 .5 9 3 6 .5 3 6 10“2
520 -3 .1 7 9 5 .1 8 0 ю “2 -2 .9 6 0 3 .0 6 6 ю “2
640 -3 .5 9 7 2 .2 6 5 10“2 -3 .1 7 6 9 .0 1 7 ю “3
1280 -3 .8 1 1 4 .9 7 4 ю “5 -3 .2 1 1 -3 .1 4 1  . 10-5
2560 -3 .8 0 0 -4 .5 9 2 ю " 5 -3 .0 5 8
V
-8 .8 9 5 10“5
зл -
Л= 0 ,05  6 = 0 .1
N °11 012 °21 °22
80 -1 .8 6 3 1.656 10"1 - 2 . 070 1 .240 ю “1
160 -2 .5 2 3 1 .060 д о - 1 -2 .5 2 3 7 .474 ю -1
520 -3 .0 9 6 6 .416 ю “2 -2 .8 8 3 4 .169 10“2
64Ó -3 .5 5 6 3.648 ю “2 -3 .1 1 4 2 .095 10~2
1280 -3 .8 1 8 1 .927 10“2 -3 .2 0 3 8 .8 5 0 10~3
2560 -3 .9 5 8 9 .229 ю “ 5 -3 .1 5 2 2 .369 10“5
Л = 0 .05 6 = 0 .2
N °11 012 °21 °22
80 -1 .8 3 9 1 .720 10"1 —2,044 1.3.04 10“1
160 - 2 .512 1.142 ю “1 -2 .5 0 6 8 .2 4 5 10~2
320 -3 .1 5 3 7 .351 ю “2 - 2 .901 5 .022 10"2
640 -3 .6 7 0 4 .621 ю “2 -3 .2 0 6 2 .961 10“2
1280 -4 .1 0 7 2 .863 ю -2 -3 .4 1 4 1 .699 10~2
2560 -4 .4 3 4 1.763 ю “2 -3 .5 2 4 9 .561 IO"?
Л, = 0 .1 £ = 0
N °11 012 °21 °22
80 -1 .4 7 5 1.417 ю -1 - 1 .7 6 7 ' 9 .410 10~2
160 -1 .9 2 8 8 ; 144 10“2 -2 .0 4 4 4 .5 3 6 ю “2
'' 320 -2 .2 7 9 4 .036 ю “2 -2 .2 1 3 1 .467 ю -2
640 - 2 .5 0 0 1.442 10“2 -2 .2 5 5 -2 .7 9 7 10“5
1280 -2 .5 7 5 -4 .9 1 2 ю “4 -2 .1 6 3 -1 .1 2 7
см1о
 
1—1
2560 -2 .4 9 1 -7 .9 2 4 ю “ 5 -1 .9 4 2 -1 .4 1 0 10“2
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Л = 0 ,1  £ = 0 .1
N
1
о и н
см 1—1 
о 1—1см
о 022
80 -1 .4 3 5 1 .543 10“ 1 - 1 .7 2 0 1 .0 7 0 10“1
160 -1 .8 8 8 9 .716 i o - 2 -1 .9 9 3 6 .0 7 4 10“2
320 -2 .2 6 2 5.828 н о А
)
- 2 .1 7 7 3 .139 10~2
640 -2 .5 4 0 3 .329 ю -2 -2 .2 6 0 1 .406 10~2
1280 -2 .7 1 6 1 .806 ю " 2 -2 .2 4 2 4 .6 1 9 10“5
2560 -2 .7 9 4 9 .244 ю " 5 -2 .1 3 2 -1 .8 3 3
LPv1о 1—1
А = 0 .1 £ = 0. 2
N °11 °12 °21 022
80 -1 .4 4 2 1.642 ю “1 -1 .7 1 4 1 .1 7 6 10“ 1
160 -1 .9 3 9 1 .087 ю " 1 -2 .0 1 9 7 .252 10~2
320 -2 .4 0 0 7 .059 ю “2 -2 .2 6 6 4 .3 3 8 1 о“2
640 -2 .8 1 8 4 .5 2 7 ю “2 - 2 .452 2 .5 3 7 ю “2
.1280 -3 .1 9 1 2 .8 9 4 ю “2 -2 .5 7 8 1 .462
см1о 1—)
2560 -3 .5 0 8 1 .857 м о
1 го - 2 .6 4 6 8 .3 7 7 IO“5
Л = 0 .2 £ = 0
N °11 °12 °21 022
80 -1 .3 0 9 1 .2 9 7 10“ 1 -1 .4 0 6 б .? 9 0 10“2
160 -1 .3 4 3 7 .242 1Ö“2 -1 .5 4 3 2 .4 3 8 10~2
320 -1 .5 6 8 3 .4 3 4 10~2 -1 .5 9 0 -8 .1 3 7 Ю“4
640 -1 .6 9 8 1 .083 10~2 -1 .5 4 2 -1 .3 4 3 10~2
1280 -1 .7 2 7 -2 .3 3 8 ю “5 -1 .4 0 0 -1 .8 0 7 10~2
2560 -1 .6 5 3 -8 .6 3 3 10-5 -1 .7 5 -1 .8 0 9 10~2
16
Л = 0 .2  б = 0 .1
N
< t П
гН
 
1—
1 
О см 1—1 
о
°21 °22
80 -1 .0 2 7 1.485 ю “ 1 -1 .5 7 1 8 .9 3 8 10“2
160 -1 .3 5 4 9.454 ю “ 2 -1 .5 2 2 4 .7 8 8 10“2
320 -1 .6 3 1 5.827 ю ”2 -1 .6 0 2 2 .298 10“2
640 -1 .8 5 2 3.498 10“2 -1 .6 1 1 9 .096 10~5
1280 -2 .0 1 9 2.059 10-2 -1 .5 5 3 1 .998 10“5
2560 -2 .1 3 5 1.198 10-2 -1 .4 3 5 -1 .2 0 0 10~3
А =  0 .2 £  = 0 .2
IT °11 ®12 °21 °22
80 -1 .0 8 3 1.619 10“ 1 -1 .3 9 6 1 .0 5 5 10” 1
160 -1 .4 8 4 1.090 10"1 -1 .6 0 1 6 .4 4 0 10“ 2
320 -1 .8 8 3 7.270 ю “2 -1 .7 6 9 3 .8 6 1 10"2
640 -2 .2 8 4 4.829 ю “ 2 -1 .9 0 3 2 .2 9 3 Ю‘~2
1280 -2 .6 8 7 3.215 ю “ 2 -2 .0 0 8 1 .362 10“ 2
2560 -3 .0 7 3 2 .154 ю " 2 - 2 . о а \ 8 .1 6 5 10~5
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